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Abstract

The use of frequency-dependent spectral element matrix (or exact dynamic stiffness matrix) in structural
dynamics is known to provide very accurate solutions, while reducing the number of degrees of freedom to
resolve the computational and cost problems. Thus, in the present paper, the spectral element model is
formulated for the axially moving Timoshenko beam under a uniform axial tension. The high accuracy of
the present spectral element is then verified by comparing its solutions with the conventional finite element
solutions and exact analytical solutions. The effects of the axial velocity and axial tension on the vibration
characteristics, the dispersion relation, and the stability of a moving Timoshenko beam are analytically and
numerically investigated.
r 2003 Elsevier Ltd. All rights reserved.

1. Introduction

Axially moving structures are of technological importance and present in a wide class of
engineering problems which arise in industrial, mechanical, civil, aerospatial, automotive and
electronic applications in the form of threadlines in the textile industry, chain and belt drives,
high-speed paper and magnetic tapes, band saw blades, fiber winding, filaments, aerial cable
tramways, cooling tower strips and the like. Recent developments in research on axially moving
structures have been reviewed by Wickert and Mote [1] and Pellicano and Vestrani [2].
The axial velocity of a structure may significantly affects the dynamic characteristics of the

structure even at low velocity, giving rise to variations of natural frequencies and complex modes.
Above a certain critical axial velocity, the axially moving structures may experience severe
vibrations and structural instability to result in structural failures. Thus, it is very important to
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accurately predict the dynamic characteristics and instability of such structures in advance for the
successful analysis and optimal design of a broad class of technological devices.
The axially moving beam-like one-dimensional structure with flexural rigidity has been

traditionally represented by the linear or non-linear Euler–Bernoulli beam theory [2–26] by
assuming that the beam is relatively thin as compared with its length. It appears that, to the
authors’ knowledge, there have been very few studies on the axially moving beam-like one-
dimensional structures in which Timoshenko beam theory was used. It is in this context that the
structure theory considered in this paper is the Timoshenko beam theory. Simpson [27] was
probably the first to derive the equations of motion for the moving thick beam on the basis of the
Timoshenko beam theory, but no numerical results were given. Later, Chonan [28] studied the
steady state response of a moving Timoshenko beam by applying Laplace transform method.
Simpson [27] did not consider the axial tension in their equations.
The solutions of the equations of motion for moving beams have been obtained by various

solution techniques including the Galerkin’s method [2–9], assumed mode method [10], finite
element method (FEM) [11,12], Green’s function method [13], transfer function method [14],
perturbation method [15–17], asymptotic method [18,19], and the Laplace transform method [28].
In the literature [29,30], it has been well recognized that the spectral element method (SEM) is one
of very accurate solution methods for the dynamic analysis of structures. In SEM, the spectral
element matrix (or exact dynamic stiffness matrix) is formulated in frequency-domain by using
exact dynamic shape functions. Therefore, it does not require any structural discretization to
improve the solution accuracy for a uniform beam, regardless of its length. As it is one of element
methods, the conventional finite element assembly procedure can be equally applied to formulate
the global system dynamic equation of a structure. In SEM, the dynamic responses in frequency-
and time-domains are computed very efficiently by using the forward-FFT (simply, FFT) and
inverse-FFT (simply, IFFT) algorithms. Recently, Le-Ngoc and McCallion [31] derived the
dynamic stiffness matrix for the axially moving string to obtain exact eigenvalues.
The purposes of the present paper are first to formulate the spectral element model for the

transverse vibration of an axially moving Timoshenko beam subjected to a constant axial tension,
and then to verify its high accuracy by comparing with the solutions by the other solutions
methods, and finally to investigate the effects of the axial velocity and the axial tension on the
vibration and stability of a moving beam.

2. Equations of motion

Consider a beam of flexural rigidity EI and shear rigidity kGA; which travels under an applied
axial tension P with constant axial velocity c: Based on the Timoshenko beam theory [32], the
total transverse deflection and the angle of rotation due to bending are denoted by wðx; tÞ and
cðx; tÞ; respectively. The total kinetic and potential energies are given by

T ¼
1

2

Z L

0

frA½c2 þ ð ’w þ cw0Þ2� þ rIð ’cþ cc0Þ2g dx;

V ¼
1

2

Z L

0

fEI c02 þ kGAðw0 
 cÞ2 þ Pw02g dx; ð1Þ
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where L is the length of beam, rA is the mass per length, rI is the mass moment of inertia per
length, and k is the numerical factor depending of the shape of the cross-section. In Eq. (1), the
dot ( � ) denotes the derivative with respective to time and the prime (0) denotes the derivative with
respective to spatial co-ordinate x: Define the shear force QðxÞ and the bending moment MðxÞ as

QðxÞ ¼ kGAðw0 
 cÞ 
 rAcð ’w þ cw0Þ þ Pw0;

MðxÞ ¼ 
EI c0 þ rIcð ’cþ cc0Þ: ð2Þ

The virtual work due to the external force pðx; tÞ and boundary shear forces and bending moments
are given by

dW ¼
Z L

0

pðx; tÞdw dx þ M1dc1 þ M2dc2 þ Q1dw1 þ Q2dw2: ð3Þ

Introducing Eqs. (1) and (3) into the extended Hamilton’s principleZ t2

t1

ðdT 
 dV þ dW Þ dt ¼ 0 ð4Þ

gives Z t2

t1

Z L

0

@

@x
½kGAðw0 
 cÞ� 
 rAðc2w00 þ 2c ’w0 þ .wÞ þ Pw00 þ pðx; tÞ

� �
dw dx dt

þ
Z t2

t1

Z L

0

@

@x
ðEIc0Þ 
 rIðc2c00 þ 2c ’c0 þ .cÞ þ kGAðw0 
 cÞ

� �
dc dx dt

þ
Z t2

t1

½
QðxÞdwjL0 þ Q1dw1 þ Q2dw2� dt

þ
Z t2

t1

½M xð ÞdcjL0þM1dc1 þ M2dc2� dt ¼ 0: ð5Þ

From Eq. (5), the equations of motion for the uniform Timoshenko beam can be derived as

kGAðw00 
 c0Þ 
 rAðc2w00 þ 2c ’w0 þ .wÞ þ Pw00 þ pðx; tÞ ¼ 0;

EI c00 
 rIðc2c00 þ 2c ’c0 þ .cÞ þ kGAðw0 
 cÞ ¼ 0: ð6Þ

The relevant boundary conditions are specified in terms of any pair of conditions selected from
the following groups:

fwð0Þ ¼ w1 or Qð0Þ ¼ 
Q1g; fcð0Þ ¼ c1 or Mð0Þ ¼ M1g at x ¼ 0;

fwðLÞ ¼ w2 or QðLÞ ¼ Q2g; fcðLÞ ¼ c2 or MðLÞ ¼ 
M2g at x ¼ L: ð7Þ

3. Spectral element formulation

The spectral element formulation begins with the governing equations of motion without
external forces [29]. The free vibration response of the moving Timoshenko beam are then
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represented in the spectral forms as

wðx; tÞ ¼
XN
n¼1

WnðxÞeiont; cðx; tÞ ¼
XN
n¼1

CnðxÞeiont; ð8Þ

where WnðxÞ and CnðxÞ are the spectral components (or Fourier coefficients) corresponding to the
discrete frequencies on ¼ 2pn=T (n ¼ 1; 2;y;N). N denotes the number of spectral components
to be taken into account in the analysis, and T is the time window related to N as

N ¼ 2fNYQT ð9Þ

where fNYQ is the Nyquist frequency in Hz. The accuracy of time responses may depend on how
many spectral components are taken into account in the analysis. The summation and subscripts
used in Eq. (8) are so obvious that they will be omitted in the following equations for brevity.
By substituting Eq. (8) into Eq. (6), with pðx; tÞ ¼ 0; and by following the spectral analysis

procedure by Doyle [29], one may obtain

ð1þ a4 
 a1c
2ÞW 00 
 a12icoW 0 þ a1o2W 
C0 ¼ 0;

ð1
 a2c
2ÞC00 
 a22icoC0 þ ða2o2 
 a3ÞCþ a3W

0 ¼ 0; ð10Þ

where i ¼
ffiffiffiffiffiffiffi

1
p

and am (m ¼ 1; 2; 3; 4) are defined as

a1 ¼
rA

kGA
; a2 ¼

rI

EI
; a3 ¼

kGA

EI
; a4 ¼

P

kGA
: ð11Þ

The general solutions of Eq. (10) (i.e., spectral components) are assumed in the forms

W ðxÞ ¼ %Weikx; CðxÞ ¼ %Ceikx; ð12Þ

where k is the wavenumber. Substituting Eq. (12) into Eq. (10) yields an eigenvalue problem as

ð1þ a4 
 a1c
2Þk2 
 2a1cok 
 a1o2 ik


ia3k ð1
 a2c
2Þk2 
 2a2cok 
 ða2o2 
 a3Þ

" #
%W

%C

( )
¼

0

0

( )
:

ð13Þ

From the condition for the existence of non-trivial solutions of Eq. (13), the dispersion relation
can be derived as follows:

k4 þ ak3 þ bk2 þ gk þ Z ¼ 0; ð14Þ

where

a ¼ 
2coða1 þ a2 þ a2a4 
 2a1a2c
2Þ=D;

b ¼ ½a3ða4 
 a1c
2Þ 
 ða1 þ a2 þ a2a4 
 6a1a2c

2Þo2�=D;

g ¼ 2coa1ð2a2o2 
 a3Þ=D; ð15Þ

Z ¼ o2a1ða2o2 
 a3Þ=D;

D ¼ ð1
 a2c
2Þð1þ a4 
 a1c

2Þ:
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By using the four roots of Eq. (14), the general solutions of Eq. (10) can be expressed as

W ðxÞ ¼
X4
r¼1

Are
ikrx; CðxÞ ¼

X4
r¼1

erAre
ikrx; ð16Þ

where

er ¼
a3ikr

ð1
 a2c2Þk2
r 
 2a2cokr 
 ða2o2 
 a3Þ

ðr ¼ 1; 2; 3; 4Þ: ð17Þ

Now, consider a finite beam element of length l as shown in Fig. 1. The spectral nodal
displacement degrees of freedom (simply, spectral nodal d.o.f.s) in Fig. 1 are defined by

W1 ¼ W ð0Þ; C1 ¼ Cð0Þ; W2 ¼ W ðlÞ; C2 ¼ CðlÞ: ð18Þ

Substituting Eq. (16) into Eq. (18) gives a relation between the spectral nodal d.o.f.s vector fyg
and the constants vector fAg as

fdg ¼ ½XðoÞ�fAg; ð19Þ

where

fdg ¼ W1 C1 W2 C2

� �T
;

fAg ¼ A1 A2 A3 A4

� �T
;

½XðoÞ� ¼

1 1 1 1

e1 e2 e3 e4
e1 e2 e3 e4

e1e1 e2e2 e3e3 e4e4

2
6664

3
7775 ð20Þ

with

er ¼ eikrl ðr ¼ 1; 2; 3; 4Þ: ð21Þ

By substituting Eq. (8) into Eq. (5), the spectral force–displacement relations can be obtained as

Q ¼ kGA½ð1þ a4 
 a1c
2ÞW 0 
 a1icoW 
C�;

M ¼ 
EI ½ð1
 a2c
2ÞC0 
 a2icoC�: ð22Þ

In Eq. (22), the subscripts n used for Q and M; which represent the nth spectral components, are
omitted for brevity. The spectral nodal shear forces and bending moments specified on the two
ends of beam element, as shown in Fig. 1, are defined by

Q1 ¼ 
Qð0Þ; M1 ¼ Mð0Þ; Q2 ¼ QðlÞ; M2 ¼ 
MðlÞ: ð23Þ
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Fig. 1. Sign convention for the finite Timoshenko-beam element.
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Substituting Eq. (16) into Eq. (23) gives a relation between the spectral nodal forces vector ffg
and the constants vector fAg as

ffg ¼ ½YðoÞ�fAg; ð24Þ

where

ffg ¼ fQ1 M1 Q2 M2 g
T;

½YðoÞ� ¼ EI


g1 
g2 
g3 
g4


h1 
h2 
h3 
h4

e1g1 e2g2 e3g3 e4g4

e1h1 e2h2 e3h3 e4h4

2
6664

3
7775 ð25Þ

with

gr ¼ ia3½ð1þ a4 
 a1c
2Þkr 
 a1coþ ier�;

hr ¼ i½ð1
 a2c
2Þkr 
 a2co�er ðr ¼ 1; 2; 3; 4Þ: ð26Þ

Eliminating the constants vector fAg from Eqs. (19) and (24) gives the nodal forces-nodal
displacements relation as

ffg ¼ ½sðoÞ�fdg; ð27Þ

where ½sðoÞ� is the spectral element matrix, which is the frequency-dependent symmetric matrix
defined by

½sðoÞ� ¼ ½YðoÞ�½XðoÞ�
1: ð28Þ

The spectral element matrices can be assembled in a completely analogous way to that used in
FEM. Applying the boundary conditions after the assembly may provide a global system
equation in the form as

½SðoÞ�fdgg ¼ ffgg; ð29Þ

where ½SðoÞ� is the global spectral matrix (i.e., global dynamic stiffness matrix), fdgg is the global
spectral nodal d.o.f.s vector, and ffgg is the global spectral nodal forces vector.
To obtain the dynamic responses in time-domain, first compute ffgg from the external forces

transformed into the frequency-domain by using the forward FFT algorithm. Next solve Eq. (29)
for fdgg and apply the results into Eq. (19) to compute the spectral displacement components
from Eq. (16). Finally, based on Eq. (8), the inverse FFT algorithm is used to obtain the dynamic
responses in the time-domain. The natural frequencies oNAT are computed from the condition
that the determinant of global spectral matrix ½SðoÞ� becomes zero as follows:

det½SðoÞ� ¼ 0: ð30Þ

4. Stability of moving beam

An axially moving beam may become unstable if its axial velocity is over a certain critical value.
To investigate the stability of the moving beam one usually assume the free vibration responses of
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the form [34]

wðx; tÞ ¼ %welt; cðx; tÞ ¼ %celt: ð31Þ

Applying Eq. (31) into the free vibration equations, Eq. (8) with pðx; tÞ ¼ 0; yields an eigenvalue
problem from which the eigenvalues l can be computed in the form of complex number

l  ReðlÞ þ i ImðlÞ: ð32Þ

The type of instability can be determined from the signs of the real (Re) and imaginary (Im) parts
of all eigenvalues l as follows:

Stable if ReðlÞp0;

Dynamic instabilityðflutterÞ if ReðlÞ > 0 and ImðlÞa0;

Static instabilityðdivergenceÞ if ReðlÞ > 0 and ImðlÞ ¼ 0: ð33Þ

The eigenvalue problem to investigate the stability of the present moving beam problem can be
readily reduced from Eq. (29) by simply replacing io with l; which can be hinted from Eqs. (8)
and (31), as

½SðlÞ�fdgg ¼ f0g: ð34Þ

The type of instability, for specific values of axial velocity c and axial tension P; is then determined
by investigating the eigenvalues l numerically solved from the characteristic equation

det½SðlÞ� ¼ 0: ð35Þ

The wavenumbers kr (r ¼ 1; 2; 3; 4) required to compute ½SðlÞ� in Eq. (35) are obtained from
Eq. (14), with replacing io with l:
The critical axial velocity at which the static instability (i.e., divergence speed cD) occurs can be

analytically derived in a closed form from either the existence of non-trivial equilibrium position
(static eigenvalue problem) [13,35] or the observation that the static instability occurs when the
axial velocity of a beam equals the propagating wave speed in the beam [35]. In the following, the
aforementioned two approaches will be used to determine the divergence speeds for a Timoshenko
beam simply supported at both ends.
For the first approach, the static eigenvalue problem can be readily reduced from Eq. (13) by

putting o ¼ 0 as

ð1þ a4 
 a1c
2Þk2 ik


ia3k ð1
 a2c
2Þk2 þ a3

" #
%W

%C

( )
¼

0

0

( )
: ð36Þ

For the existence of non-trivial solutions of Eq. (36), the following characteristic equation should
be satisfied:

k2½ð1þ a4 
 a1c
2Þð1
 a2c

2Þk2 
 a3ða1c2 
 a4Þ� ¼ 0: ð37Þ

Eq. (37) gives four characteristic values as

k1 ¼ k2 ¼ 0; k3 ¼ 
k4 ¼ %k ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a3ða1c2 
 a4Þ

ð1
 a2c2Þð1þ a4 
 a1c2Þ

s
: ð38Þ
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Thus, the non-trivial equilibrium displacements of the moving beam can be expressed in the form

wðxÞ ¼ A1 þ A2x þ A3e
i %kx þ A3e


i %kx;

cðxÞ ¼ B1 þ B2x þ B3e
i %kx þ B3e


i %kx; ð39Þ

where

B1 ¼ A2; B2 ¼ 0; B3 ¼
ia3 %k

ð1
 a2c2Þ %k2 þ a3
A3; B4 ¼ 


ia3 %k

ð1
 a2c2Þ %k2 þ a3
A4: ð40Þ

The coefficients Ai (i ¼ 1; 2; 3; 4) are determined by the boundary conditions. Applying simply
supported at both ends to Eq. (39) gives

%kn ¼
np
L

ðn ¼ 1; 2; 3;yÞ; ð41Þ

where n denotes the vibration mode number. Equating Eq. (38) with Eq. (41) gives the divergence
speed cDn; at which the divergence instability of the nth vibration mode occurs, as follows:

cDn ¼

1

np

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q1 


ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q21 þ q2

q
2a1a2

vuut
ðfor bending wave modeÞ;

1

np

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q21 þ q2

q
2a1a2

vuut
ðfor shear wave modeÞ;

8>>>>>>><
>>>>>>>:

ð42Þ

where

q1 ¼ a1a3L
2 þ p2n2ða1 þ a2 þ a2a4Þ;

q2 ¼ 
4p2n2a1a2½a3a4L2 þ p2n2ð1þ a4Þ�: ð43Þ

Now, as the second approach, the divergence speed cD will be obtained from the observation
that the static instability occurs when the axial velocity becomes equal to the phase speed of the
bending wave of a stationary beam, i.e., cD ¼ cp [35]. The phase speed can be obtained from [29]

cp ¼
o
k
: ð44Þ

The dispersion relation for the stationary beam with zero axial velocity can be reduced from
Eq. (14) as

k4 þ %bk2 þ %Z ¼ 0; ð45Þ

where

%b ¼ a3a4 
 o2ða1 þ a2 þ a2a4Þ= %D;

%Z ¼ a1o2ða2o2 
 a3Þ= %D;
%D ¼ 1þ a4: ð46Þ
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Eq. (45) gives four characteristic values as

k1 ¼ 
k2 ¼ %k1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

 %bþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
%b2 
 4%Z

p
2

s
;

k3 ¼ 
k4 ¼ %k2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

 %b


ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
%b2 
 4%Z

p
2

s
: ð47Þ

On the basis of the characteristic values given in Eq. (47), the general solutions of the stationary
beam can be obtained as
(a) When oooc:

W ðxÞ ¼ A1 sinð %k1xÞ þ A2 cosð %k1xÞ þ A3 sinhð %k2xÞ þ A4 coshð %k2xÞ;

CðxÞ ¼ b1A2 sinð %k1xÞ 
 b1A1 cosð %k1xÞ þ b2A3 sinhð %k2xÞ þ b2A4 coshð %k2xÞ: ð48Þ

(b) When o ¼ oc:

W ðxÞ ¼ A1 sinð %k1xÞ þ A2 cosð %k1xÞ þ A3 þ A4x;

CðxÞ ¼ b1A2 sinð %k1xÞ 
 b1A1 cosð %k1xÞ 
 b3A4: ð49Þ

(c) When o > oc:

W ðxÞ ¼ A1 sinð %k1xÞ þ A2 cosð %k1xÞ þ A3 sinð %k2xÞ þ A4 cosð %k2xÞ;

CðxÞ ¼ b1A2 sinð %k1xÞ 
 b1A1 cosð %k1xÞ þ b2A4 sinð %k2xÞ 
 b2A3 cosð %k2xÞ; ð50Þ

where

b1 ¼
a3 %k1

ða2o2 
 a3Þ 
 %k21
; b2 ¼

a3 %k2

ða2o2 
 a3Þ 
 %k22
; b3 ¼

a3

a2o2 
 a3
ð51Þ

and oc ¼
ffiffiffiffiffiffiffiffiffiffiffi
a3=a2
p

denotes the cut-off frequency below that the second mode (i.e., shear mode)
attenuates. Applying simply supported at both ends to Eqs. (48)–(50) gives
(a) When opoc:

%k1n ¼
np
L

ðn ¼ 1; 2; 3;yÞ: ð52Þ

(b) When o > oc:

%k1n ¼
np
L

or %k2n ¼
np
L

ðn ¼ 1; 2; 3;yÞ: ð53Þ

First by solving Eq. (45) for o by replacing the wavenumber in Eq. (45) with the value given by
Eq. (52) or (53) and then by applying the result o and the corresponding wavenumber into
Eq. (44), one may obtain the divergence speed which is identical to that (i.e., Eq. (42)) derived by
the static eigenvalue problem approach.
Eq. (42) shows that, in theory, the static instability occurs whenever the axial velocity of a beam

is equal to the phase speed of the propagating bending wave (i.e., o= %k1) or to the phase speed of
the propagating shear wave (i.e., o= %k2). However, in practice, the critical axial velocity of a
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moving beam is usually considered as the lowest divergence speed cD1 that is equal to the
propagating speed of the first bending wave of the beam.

5. Numerical illustrations and discussions

For numerical illustrations, a uniform beam simply supported at both ends is considered. The
geometric and material properties of the beam are the length L ¼ 1m, thickness h ¼ 0:01m, width
0.03m, mass per unit length rA ¼ 0:84 kg/m, mass moment of inertia per unit length
rI ¼ 7� 10
6 kgm, flexural rigidity EI ¼ 180Nm2, and the shear rigidity kGA ¼ 6:75� 106 N.
Table 1 is prepared to verify the high accuracy of the present spectral element model and also to

investigate the effects of dimensionless axial velocity v ¼ c=
ffiffiffiffiffiffiffiffiffi
E=r
p

and dimensionless axial tension

p ¼ P=EA on the dimensionless natural frequencies ON ¼ oN=ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EI=rA
p

=L2Þ: The present

spectral element model is evaluated by comparing the natural frequencies obtained by SEM with
those obtained by using the exact formula of Blevins [32] and the conventional FEM. The exact
formula of Blevins for the natural frequencies of Timoshenko-beam simply supported at both
ends is given as follows [32]:

o2
NpjT
beam ¼ o2

NpjBE
beam

L2A

p2I
ðB 


ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 
 D
p

Þ ðp ¼ 1; 2; 3;yÞ; ð54Þ
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Table 1

Comparison of the dimensionless natural frequencies obtained by the present SEM, the FEM, and the exact theory [32]

Dimensionless

axial velocity v

Dimensionless

axial tension p

Method NEðNDOF Þ Dimensionless natural frequency

O1 O2 O3 O5 O10 O15

0 0 Theory l [32] — 1.57 6.28 14.12 39.10 154.45 340.61

SEM 1 (2) 1.57 6.28 14.12 39.10 154.45 340.61

FEM 10 (20) 1.57 6.28 14.12 39.28 173.62 433.93

20 (40) 1.57 6.28 14.12 39.12 155.42 350.20

50 (100) 1.57 6.28 14.12 39.10 154.53 341.45

100 (200) 1.57 6.28 14.12 39.10 154.47 340.79

0 4.63� 10
5 SEM 1 (2) 1.96 6.71 14.55 39.54 154.90 341.06

FEM 10 (20) 1.96 6.71 14.56 39.72 174.03 434.31

20 (40) 1.96 6.71 14.55 39.56 155.86 350.64

50 (100) 1.96 6.71 14.55 39.54 154.98 341.90

100 (200) 1.96 6.71 14.55 39.54 154.91 341.24

vD1 4.63� 10
5 SEM 1 (2) 0.00 5.67 13.66 38.76 154.14 340.26

FEM 10 (20) 0.02 5.67 13.68 38.97 173.58 434.44

20 (40) 0.02 5.67 13.67 38.78 155.17 350.07

50 (100) 0.02 5.67 13.66 38.76 154.23 341.12

100(200) 0.02 5.67 13.66 38.76 154.16 340.44

Note: NE=number of finite elements, Nd:o:f=number of d.o.f.
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where p is the mode number and

oNpjBE
beam ¼
pp
L

� �2 ffiffiffiffiffiffiffi
EI

rA

s
ðfor Bernoulli
 Euler beamÞ;

B ¼
1

2p2
þ

D

2
p2 þ

L2A

p2I

� �
; D ¼

kG

p4E
: ð55Þ

The finite element model used in this study is formulated in the form

½M�f.dg þ ½C�f’dg þ ½K�fdg ¼ ffg; ð56Þ

where fdg is the nodal displacement d.o.f. vector defined by Eq. (20), ffg is the nodal forces vector,
½M� is the mass matrix, ½C� is the skew-symmetric gyroscopic matrix, and ½K� is the stiffness matrix:
the finite element matrices are given in Appendix A. To formulate the finite element model given by
Eq. (56), the displacement fields within a finite element of length l are assumed in the form [33]

wðx; tÞ ¼ ½NwðxÞ� fdðtÞg; cðx; tÞ ¼ ½NcðxÞ�fdðtÞg; ð57Þ

where ½Nw� and ½Nc� are the shape function matrices given in Appendix A.
Because the example beam is uniform, only one spectral finite element is used to obtain the

SEM results in Table 1, while the total number of convectional finite elements is gradually
increased to improve the FEM results. For the case of SEM, the problem size of Eq. (3) is just two
by two. In the fourth column of Table 1, the total number of elements and d.o.f.s used for the
SEM and FEM results are listed.
Table 1 shows that the SEM results for v ¼ 0 and p ¼ 0 are identical to the exact analytical

results given by Blevins [32], while the FEM results converge to the SEM results (obtained by
using one spectral finite element) as the total number of convectional finite elements used in FEM
is increased. This implies that, in contrast to the conventional FEM model, the present spectral
element model provides highly accurate results by using only a small number of finite elements.
This is true especially at high frequency modes. From Table 1, one may observe that, for a fixed
axial velocity, the dimensionless natural frequencies are in general increased as the axial tension is
increased. On the other hand, for a fixed axial tension, all dimensionless natural frequencies are
decreased as the axial velocity of beam is increased. One may also observe from Table 1 that the
dimensionless fundamental natural frequency vanishes first when the dimensionless axial velocity
v is increased to a certain critical value (i.e., dimensionless divergence speed vD1) at which the
static instability (i.e., divergence) occurs.
Table 2 shows the effects of thickness-to-length ratio (h=L) on the dimensionless natural

frequencies of the beam. Three beam thicknesses h ¼ 0:005; 0:01; and 0:03m are considered for
fixed beam length L ¼ 1m. As the beam thickness is increased, the natural frequencies are found
to decrease.
Fig. 2 shows the changes in dimensionless eigenvalues L ¼ l=ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EI=rA
p

=L2Þ with varying the
dimensionless axial velocity of beam v; for dimensionless axial tension p ¼ 4:63� 10
5: When the
dimensionless axial velocity v is lower than about vD1 ¼ 0:0113 (the first dimensionless divergence
speed), the moving beam is stable because all eigenvalues are pure imaginary. However, if the
dimensionless axial velocity is between vD1 and vs ¼ 0:0194; there exist pure positive real
eigenvalues (i.e., ReðLÞ > 0; ImðLÞ ¼ 0), which implies the occurrence of the static instability (i.e.,
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Table 2

The effects of thickness-to-length ratio (h=L) on the dimensionless natural frequencies of Timoshenko-beam of length

L ¼ 1m

Dimensionless

axial velocity v

Dimensionless

axial tension p

Method h

L

Dimensionless natural frequency

O1 O2 O3 O5 O10 O15

0 0 Theory [32] 0.005 1.57 6.28 14.13 39.23 156.41 350.06

0.01 1.57 6.28 14.12 39.10 154.45 340.61

0.03 1.57 6.24 13.94 37.85 137.91 275.51

SEM 0.005 1.57 6.28 14.13 39.23 156.41 350.06

0.01 1.57 6.28 14.12 39.10 154.45 340.61

0.03 1.57 6.24 13.94 37.85 137.91 275.51

0 4.63� 10
5 SEM 0.005 3.68 9.16 17.31 42.62 159.91 353.59

0.01 1.96 6.71 14.55 39.54 154.90 341.06

0.03 1.58 6.26 13.96 37.86 137.92 275.53

vD1 4.63� 10
5 SEM 0.005 0.00 5.74 14.22 39.89 157.42 351.13

0.01 0.00 5.67 13.66 38.76 154.14 340.26

0.03 0.00 5.56 13.35 37.27 137.16 274.48
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s
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v
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Fig. 2. The dimensionless eigenvalues L ¼ ReðLÞ þ i ImðLÞ vs. the dimensionless axial velocity of beam v; where vD1 is

the lowest dimensionless divergence speed, vs is the dimensionless axial velocity at which the second stable region starts,

vF1 is the lowest dimensionless flutter speed, vD2 is the second dimensionless divergence speed, and vF2 is the second

dimensionless flutter speed.
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divergence). Fig. 2 shows that there exist the second stable region between vs and vF1 ¼ 0:0199; in
which all eigenvalues are pure imaginary. If the dimensionless axial velocity of beam becomes larger
than vF1; then there exist dimensionless complex eigenvalues with positive real parts ReðLÞ; which
implies the occurrence of dynamic instability (i.e., flutter). Thus, vF1 is the lowest flutter speed of the
example beam. In Fig. 2, vD2 ¼ 0:0280 is the second dimensionless divergence speed and vF2 ¼
0:0305 is the second dimensionless flutter speed. Table 3 shows the effects of the thickness-to-length
ratio (h=L) on the dimensionless critical axial velocities indicated in Fig. 2. As the thickness-to-
length ratio is increased, it is found that the critical axial velocities tend to increase.
Fig. 3 shows the changes in three critical dimensionless axial velocities of beam, vD1 (the lowest

dimensionless divergence speed), vs; and vF1 (the lowest dimensionless flutter speed) with varying
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Table 3

The effects of thickness-to-length ratio (h=L) on the dimensionless critical axial velocities of Timoshenko-beam of

length L ¼ 1m

h

L

Dimensionless critical axial velocity

vD1 vs vF1 vD2 vF2

0.005 0.011 0.013 0.014 0.017 0.018

0.01 0.011 0.019 0.020 0.028 0.030

0.03 0.027 0.054 0.056 0.081 0.087

Dimensionless Tension ρ ( × 10-5)

D
im

en
si

on
le

ss
 C

rit
ic

al
 A

xi
al

 V
el

oc
iti

es
 (

 ×
10

-3
)
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First Stable Region
First Unstable Region (Divergence)
Second Stable Region
Second Unstable Region (Flutter and more)

v
D1

vs

vF1

Fig. 3. The critical dimensionless axial velocities vs. the dimensionless axial tension, where vD1 is the lowest

dimensionless divergence speed, vs is the dimensionless axial velocity at which the second stable region starts, and vF1 is

the lowest dimensionless flutter speed.
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the dimensionless axial tension p: The region below the curve vD1 and the narrow region between
two curves vs and vF1 are the first stable region and the second stable region, respectively. The
region between two curves vD1 and vs indicates the first divergence instability region, while the
region just above the curve vF1 indicates the flutter instability region. It is apparent from Fig. 3
that the three critical dimensionless axial velocities are monotonically increased as the
dimensionless axial tension is increased.
The moving Thimoshenko beam may have complex natural modes. Fig. 4 compares the real

parts of the natural modes for various dimensionless axial velocities. It shows that the symmetric
or antisymmetric natural modes of the stationary beam are all distorted due to the effects of axial
velocity and thus their original symmetry or antisymmetry cannot be reserved for the case of
moving beam. In Table 1, it is shown that the fundamental dimensionless natural frequency of
bending mode vanishes when the dimensionless axial velocity of beam reaches at the
dimensionless divergence speed vD1: Accordingly, one may observe from Fig. 4(a) that the first
bending mode indeed disappears when the beam is axially traveling at the dimensionless axial
velocity of vD1:
Fig. 5 shows the dispersion curves for the stationary Timoshenko beam. There exist the

propagating bending wave (k1) and evanescent wave (k2) below the cut-off frequency Oc ¼ 10677;
while there exists only the propagating shear wave (k2) above the cut-off frequency Oc.
Fig. 6 shows the changes in the dispersion curves of the moving Timoshenko beam with varying

its dimensionless axial velocity. The lowest two dimensionless natural frequencies are indicated in
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Fig. 4. Dimensionless axial velocity dependence of the natural modes of a moving Timoshenko-beam under the

dimensionless axial tension p ¼ 4:63� 10
5:
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Fig. 6 by the circle (J) and the triangle (D), in order to show they all move to leftward as the
dimensionless axial velocity of beam is increased. As shown in Fig. 6(e), the fundamental
dimensionless natural frequency O1 vanishes first when the dimensionless axial velocity reaches at
vD1 ¼ 0:0113 and then it disappears forever as the dimensionless axial velocity is increased over
vD1: When the beam is in the stationary state (i.e., v ¼ 0), the wavenumber k2 is pure imaginary
and there exists evanescent wave within the beam as shown in Fig. 6(a). However, when the beam
is moving, wavenumber k2 becomes complex as shown in Fig. 6(b). As the dimensionless axial
velocity of beam is increased up to vLC ¼ 0:0068; all wavenumers at zero frequency merge to zeros
(see Fig. 6c). If the dimensionless axial velocity of beam is kept increasing over vLC ; the
wavenumber k2 becomes pure real at 0pOpOLC ; while it is complex at OXOLC : This implies
that, when the dimensionless axial velocity is lager than vLC ; there exits traveling shear wave
within a narrow low-frequency band given by 0pOpOLC : Thus, the dimensionless frequency OLC

is the dimensionless lower cut-off frequency which is far below the dimensionless cut-off
frequency OC shown in Fig. 5. The dimensionless lower cut-off frequency OLC and the critical
dimensionless axial velocity vLC above that the dimensionless lower cut-off frequency may exist
can be derived from Eq. (14) as

OLC ¼
1

2p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

f2 


ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f 22 
 4f1f3

q
2f1

vuut
=
1

L2

ffiffiffiffiffiffiffi
EI

rA

s
; vLC ¼

ffiffiffiffiffiffiffi
P

EA

r
; ð58Þ

where f1; f2; and f3 are given in Appendix B.
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Fig. 5. Dispersion relation for the stationary Timoshenko-beam (i.e., v ¼ 0) under the dimensionless axial tension

p ¼ 4:63� 10
5; where Oc is the dimensionless cut-off frequency.
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6. Conclusions

In the present paper, the dynamic equations of motion for the moving Timoshenko beam under
a uniform axial tension are derived and then the spectral element model is formulated by using the
exact dynamic shape functions. The high accuracy of the present spectral element is then verified
by comparing its solutions with the exact analytical solutions and the conventional FEM
solutions. The critical axial velocity at which the divergence instability occurs is analytically
derived in a closed form. Through some numerical studies are conducted to investigate the
followings:
The axial tension tends to decrease the natural frequencies while the axial velocity increases

them. When the moving speed equals to the lowest divergence speed given by Eq. (42), the
fundamental natural frequency vanishes to make the first bending mode disappear with inducing
the static instability.
There may exist a very narrow stable region between the first static instability (divergence)

region and the first dynamic instability (flutter) region. The divergence and flutter speeds tend to
increase as the axial tension is increased.
When the axial velocity is larger than the value of

ffiffiffiffiffiffiffiffiffiffiffiffi
P=rA
p

; there exist a lower cut-off frequency
below that the propagating shear wave appears.
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Fig. 6. Dimensionless axial velocity dependence of the dispersion relation of a moving Timoshenko-beam under the

dimensionless axial tension p ¼ 4:63� 10
5; whereJ and D indicate the 1st and 2nd dimensionless natural frequencies,

respectively, and OLC is the lower dimensionless cut-off frequency which appears when vXvLC :
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Appendix A

The shape function matrices used in Eq. (57) are defined by [33]

½NwðxÞ� ¼ ½ð1
 xÞð2
 x
 x2 þ 6rÞR=4; lð1
 x2Þð1
 xþ 3rÞR=8;

ð1þ xÞð2þ x
 x2 þ 6rÞR=4; lð1
 x2Þð1þ xþ 3rÞR=8�;

½NcðxÞ� ¼ ½
3ð1
 x2ÞR=ð2lÞ;
ð1
 xÞð1þ 3x
 6rÞR=4;

3ð1
 x2ÞR=ð2lÞ;
ð1þ xÞð1
 3x
 6rÞR=4�; ðA:1Þ

where

x ¼ 2
x

l

� �

 1 ð0pxplÞ; r ¼

4EI

kGAl2
; R ¼

1

1þ 3r
: ðA:2Þ

The finite element matrices in Eq. (56) are derived in the form

M½ � ¼ ½mij� ¼ ½mij�T; C½ � ¼ ½cij� ¼ 
½cij�T; K½ � ¼ ½kij� ¼ ½kij�T ði; j ¼ 1; 2; 3; 4Þ ðA:3Þ

with the components given by

m11 ¼ m33 ¼ 12mT ð26þ 147r þ 210r2Þ þ 36mR;

m12 ¼ 
m34 ¼ mT lð44þ 231r þ 315r2Þ þ 3mRlð1
 15rÞ;

m13 ¼ 36mT ð3þ 21r þ 35r2Þ 
 36mR;

m14 ¼ 
m23 ¼ 
mT lð26þ 189r þ 315r2Þ þ 3mRlð1
 15rÞ;

m22 ¼ m44 ¼ mT l2ð8þ 42r þ 63r2Þ þ mRl2ð4þ 15þ 90r2Þ;

m24 ¼ 
3mT l2ð2þ 14r þ 21r2Þ 
 mRl2ð1þ 15r 
 45r2Þ;

mT ¼ rAlR2=840; mR ¼ rIR2=ð30lÞ;

c11 ¼ c22 ¼ c33 ¼ c44 ¼ 0;

c12 ¼ c23 ¼ c34 ¼ 
c14 ¼ 3cT lð2þ 5rÞ þ 2cR;

c24 ¼ 
cT l2 
 cRlð1
 3rÞ;

cT ¼ crAlR=30; cR ¼ crIR=l; ðA:4Þ

k11 ¼ 
k13 ¼ k33 ¼ 4R2½kO þ 3kR þ 9kT ð2þ 10r þ 15r2Þ�;

k12 ¼ k14 ¼ 
k23 ¼ 
k34 ¼ 2lR2ðkO þ 3kR þ 3kT Þ;

k22 ¼ k44 ¼ l2R2½kO þ kRð4þ 6r þ 9rÞ þ kT ð8þ 30r þ 45r2Þ�;

k24 ¼ l2R2½kO þ kRð2
 6r 
 9r2Þ þ kT ð2þ 30r þ 45r2Þ�;

kO ¼ 9rEI=l3; kR ¼ ðEI 
 c2rIÞ=l3; kT ¼ ðP 
 c2rAÞ=ð60lÞ:
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Appendix B

In Eq. (58), fi (i ¼ 1; 2; 3) are defined by

f1 ¼ 
 8a21c
6½a25a

3
2ða5 þ 1Þ þ a1a

2
2a5a6ða5 
 4Þ þ a2ða1a6Þ

2ð1
 4a5Þ þ 2ða1a6Þ
3�


 4a1c
4½a32a

2
5ða5 
 1Þð3a5 þ 2Þ þ a1a

2
2a5a6ð7a25 
 12a5 þ 8Þ


 2a2ða1a6Þ
2ð9a25 
 4a5 þ 1Þða1a6Þ

3ð8a5 
 5Þ�

þ c2½
a32a
2
5ða5 
 1Þ2ð4a5 
 1Þ


 a1a
2
2a5a6ða5 
 1Þð5a5 þ 2Þð6a5 
 5Þ

þ a2 a1a6ð Þ2ð5a35 
 33a25 
 36a5 þ 1Þ þ ða1a6Þ
3ð13a5 
 22a25 
 3Þ�


 2a5a6½a22a5ð5a5 
 2Þða5 
 1Þ2 
 2a1a2a6ð4a25

þ a5 
 1Þða5 
 1Þ þ ða1a6Þ
2ð3a25 þ 2a5 þ 3Þ�;

f2 ¼ a1a3c
4½ða2a5Þ

2ða5 
 1Þ2 þ 2a1a2a5a6ð4a25 þ a5 
 5Þ

þ ða1a6Þ
2ð1
 20a5 
 8a25Þ� þ a3ða5 
 1Þc2½ða2a5Þ

2ða5 
 1Þ2

þ a1a2a5a6ða5 
 1Þð13a5 þ 10Þ þ ða1a6Þ
2ð1
 25a5 
 12a25Þ�

þ a3a5a6ða5 
 1Þ2½a2ða5 
 1Þð5a5 
 1Þ 
 4a1a6ða5 þ 1Þ�;

f3 ¼ a23a5a6ða5 þ 1Þ3ða1c2 
 a5 
 1Þ; ðB:1Þ

where

a5 ¼ 1þ a4 
 a1c
2; a6 ¼ 1
 a2c

2: ðB:2Þ
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